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1 Approximations Methods

1.1 Matrix Formulation of Quantum Mechanics
Consider the time independent Schrédinger equation:

Hly) = Elp).
Take any complete set of functions |n) and expand |y) =
3., a,|n) and multiply with (m|:

Z a,(m|H|n) = Ez a, (m|n).
n n
Using the definition H,,, = (m|H|n) and S,,, = (m|n) (note that

Hpyn = Hpmo Smn = Snm) simplifies this equation and makes it
possible to write it at a matrix equation:

Z anHpn =Ez A S & HdE =ESG & (H —ES)d=0
n n

Hy1 —ES;w Hyp —ES;; Hyz —ES;3 - a;
PN Hyy —ES31 Hyp —ESy; Hyz3 —ES; - az | _ 0.
Hzy — E531 Hj, — E532 His —

5533 |\ as

Here, H is a matrix with elements Hpns S with S, and d has the
components a,,. To solve for E, set det(}f — ES) = 0.

Of course, often is S, = 6, Which yields clearly an eigenvalue
problem: det(H — ET) = 0.

1.2 Variational Principle
Consider the problem:

H|n) = E,|n).
An arbitrary trial function |¢) can be expanded |¢p) = Y, a,, |n).
Next, evaluate the expectation value of the energy (H) for the
trial function:

(H) = (GIHI®) = > anam(nlHlm) = > ahanEp(nlm)

nm nm
= Zlanlen = ZlanleO = EO'
n n

Hence, for any trial function the expectation value (H) is bigger
than the true ground state energy E,. Caution: If [n) are not
orthonormal, the energy is (H) = (¢|H|p)/{(P|P).
EXAMPLE 1: VARIATIONAL PARAMETER
To get a good guess on E,, it is possible to vary the trial function
¢ — ¢, using a variational parameter. Assume the solution to
the harmonic oscillator is unknown and the trial function is

by = {,IZA/ncosAx —m/2A <x <m/2]

0 else

Next, calculate (H):
_H_°°d* n? 0* me®
—{ >—f_w O e L
_ 2R N mw?(m? — 6)
© 2m 2422
and find the A,, which minimizes (H):
0E  h%Ag mwz(n2 —6) |
=0 o A=
. m 1223 0
Next, insert /'10 into the original formula:

m2w2(n? — 6) ma)z(n —6) 12A2
=% 12h2 m2w?2(m? — 6)
hw\/nz 6 hwjﬂ2—6 hw 2 —6
=+ + +—| 2 :
2 12 2 12 2 12
The last bracket term equals = 1.136. Hence E is quite close to
the actual value Aw/2.
EXAMPLE 2: LINEARKOMBINATION AS A TRIAL FUNCTION
Trial wave function of the form ¢ = YN_; ¢, ¢,. E. g. ¢,, might be
atomic solutions and one is looking for the molecule solution.
With this trial function, the energy is
£ty = SBIHIO) _ Do G BulH10m) _ T i
(Pl9) Znm nlm(PnlPm)  Xnm CnCmSum

m2w?(n? — 6)
12h2

= Z CnCmHpm = Ez CnCmSnm-
nm nm

Now, assume all ¢;,, ¢,,, are independent and take c;, (or ¢, or the
real/imaginary parts) as variational parameters. To get the
minimum energy, take d/dc; on both sides of the equation and
set dE/dc* =0:

dc? chcm nm Zamcm anZCmHimz:H-a
_Ezcncm nm _Ezamcm nm _Ezcm im = ESC.

This yields (7-[ ES)C =0 Wthh is just of the same form as the
matrix in 1.1. Of course, if ¢,, is complete (N = ), it is exactly
the same as in 1.1 and there is no approximation whatsoever.
But ¢,, does not have to be complete, which results in a
truncated matrix and approximation.

LHS:

RHS:

1.3 Perturbation Theory

See the derivation in “Quantenmechanik I (Theo D)”, chapter 9.
For the time-dependent perturbation theory see 3.1.

For a problem H = H, + H', where the solutions of H; are
known and H' is the perturbation, the approximate energies and

eigenfunctions are
< O\ |¢(o)>|

~ (0) (0) (0) |
B~ B + (0] |H|w> Z

m#+n
(o) n Z

m#n n

E(O) E(O) m:
Here, E,(lo) and 1,0,(10) are the known solutions of Hj,.
Recall the matrix formulation from 1.1: Assume now, the
complete set are the eigenfunctions of H,. Hence, the matrix
becomes H — EI (since now S,,,, = 6,,») and the eigenvalues are
given by det(# — ET) = 0.
Now assume as an approximation that the off diagonal elements
of H are zero. Hence, the eigenvalues are the diagonal elements:

En = Hyp = < O|H, + H' |1p(°)> =E” + < O|H |¢(°)>.
This is just the first order result of perturbation theory.
For the second order of the n-th energy, form all possilbe 2 x 2
matrices like
H. —F .. H. .
nn: ] :nL - }[YELZ) — (Hnn Hni).

. ‘. . H. H-.
Hin H” —E in i

The eigenvalues of}[rg ) are given by det(}[(z) E]I) = 0 which
yields

E.. = Hnn + Hu Hnn Hu 1 4’|Hni|2
2 2 B 2 (Hnn - Hii)z
~Hnn+Hu+Hnn_Hu <1 2|Hm'|2 >
2 B 2 (Hnn - Hii)2
— Hnn + Hii T Hnn + Hii |Hni|2 ; H. + |Hni|2
2 B Hnn - HL'L' " Hnn - Hii.

Here, H,,,, is the 0t and 1st order. Now, assuming that the first
order is much bigger than the second, it is

Hnn - Hii = Er(LO) + Er(ll) - Ei(O)
and this yields just the 2nd order perturbation term, if summed
over i.
For a degenerate case just take the matrix view point and
calculate the eigenvalues of

<Hnn Hni)
Hy  Hy

with lp(o) lpi(o) but E,(Io) = Ei(o). Since there are two
eigenvalues, the degeneracy will be lifted.
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2 Atomic Physics

2.1 Normal Zeeman Effect

For an electron orbiting a proton with an angular momentum
L = mrv, the dipole moment is

U, =1A= R L ap— - —levr,
t 2nr 2

where I = g/t is the current and A = 7r? the orbit area. This
yields the correlation

N € - Up - eh

ﬂL—_ﬂL—_gLiL' g =1 Hp = Zm
The energy of a hydrogen atom with magnetic moment i
increases under the influence of a magnetic field B = Bé, about

tgB
TLZ'
But since Hy,iom and L, have the common eigenfunctions Y;,,, this
is easily solvable:
HYy =FEyY = E=E,+ ugBm,.

Here, E,, = —13.6 eV/n? is the energy of the hydrogen atom.
Obviously, the degeneracy is lifted (removed) and each former
level E,, is splitinto 2! + 1 levels (m; = =1, ..., ).
The normal Zeeman effect is only observed under the neglect of
spin, that is to say only at particles where the spin cancels out
(e.g. the two electrons of the helium). Therefore, it is actually
more a special than a normal case.

Emag =—jiB = H= Hatom + Hmag = Hatom +

2.2 Hamiltonian of Spin-Orbit Coupling

Spin-orbit coupling considers the interaction between the
electrons spin and the B-field due to the current of the moving
nucleus relative to the electron, which is in the magnitude of 1 T.
Spin-orbit coupling gives an additional term in the Hamiltonian.

It can be calculated using the Biot-Savart law and Idl = jdv.
Here, everything is from the viewpoint of the electron at the
origin 0. U, and 7, are velocity and position of the proton, ¥ =
—, and 7 = —7, of the electron, where 7 then is using the
proton as the origin-

B(0) = dl' x 0-7 _ JdV’ JF) X = ?’
B |(—)’_;.,|3_ 4 |73
B0 [ gy (i — 7,5, x— = —FoC T X Ty
41_[de ed(7 rp)vpx|?,|3— e |Fp|3
Hoe UXT  poe -

4 |73 4mmrd
For the hydrogen atom, this is sufficient (except for a missing
factor of 1/2, see below) but it can be generalized for any central
potential: The electric field for the electron is

o e - o 1 o 1 S
=—7 B=—€upXE=——VXE=—UXF
4me,rs ok c? ec?
1 dv., 1 dv.
=— — VX =————
ec?r dr gmczr dr
where it was used, that for central potentials itis F = —VV =

—(dV /dr)(# /7). Now, similarly to 2.1, the magnetic dipole
moment for the spin is

and the additional term in the Hamiltonian is
H=—gB="s=—- Yy
= — =—3B = —3SL.
Hs m m2c2r dr
However, since it is actual the electron which is accelerating and
not the proton (as pretended in this simplified derivation), a

factor of 1/2 is missing, which will not be derived here:
1 dv .,

r— —_53
2m2c?rdr .
An alternative form can be given using s = ha /2:

-

N =

= XF=—
2ec? v 2ec

>S(VW xp) = h (0 X VV)p.

, 1 ,
Z'UXVV:Zrn—ZVVXp

= H' =—ji =52

2.3 Addition Rules of Angular Momentum

Adding two angular momenta f = fl + fz with quantum

numbers j;, m4, j,, m, yields another angular momentum with

possible eigenvalues
|]| = h\/j(j +1), j=j1—Jj2les i + 2l
]Z =flm], m] =—],,]

Note also:

-, -, -, - > - > 1 -, -, -,

P=R+E+2h o hh=50" -] -]5).
A state can be described by (j;, m4, j,, m;) as well as by
(jl,jz, J mj). That is because, for fixed j;, j, there are

2h+DE+D

states, since m; = —j;, ..., j;. But if described by (jl,jz, s m]-) the
number of possible states for fixed j,, j, is the same (w.L.o.g.
assume j; > j,):
lj1+72l ; _ yi1tJ ; — jitJ j1tJ
Z} 1|J12 le(zj +1)= Zf1=f12—f2(2] +1=2 z:j1=j12 12] + 211 112 J2
- 2((]1 _jz) + (jl _jz + 1) +oeet (f1 +j2)) + (2]2 + 1)
=2((@ + D01 =) + T2 n) + 2, + 1)
=2(Q2h + D01 =) + 2 + D) + 2/, + 1)
=212j;+ D+ 2j+ 1D =2 + D(2j +1).
2.4 Spin-Orbit Coupling for the Hydrogen Atom
Recall from 2.2 and use 2.3 to get
, 1 dv f@) -, -
H=H,+H =H,+ mer H0+—(] - §2).
=f(r)

Now, first order perturbation theory includes the term

2
(nisjm;|H' |nlsjm;) = %(f) (j(j +1)=1(1+1)—s(s+ 1)).

=3/4
Now, examine an atom in the state 2p, hencen = 2,1 =1, su
that j can have two values:
i ngsim = ey (T2 T =1/2
(nisjm;|H' |nlsjm;) = 7(f){ 1 j=3/2
For the hydrogen atom, the Coulomb potential yields

") 1 d e? e?
fr) = 2m2c2rdr47teor_8n60m202r3'

ch

The expectation value of =3 can be given exactly (no derivation

here, lpnlm(r 9‘/’) Ry ()Y, (6, 90) Ap = 47T60f12/m62)
= [ drrt IR
0

a0n3l (1+ ) a+1)
Finally, the total first order perturbation correction is

hZe? (j(f -1+ 1) -

)

(nisjm;|H' |nisjm;) =

16me,m?c? l( )(l +1)
CEPn(jG+D -0+ D ‘Z)
- me? l(l+%)(l+1)

where EX? = — 2 /8me,aon? = —13.6eV/n?. Note that

|E,(lo) |/mc2 = a?/2n?, where « is the fine structure constant.




2.5 Relativistic Correction
The relativistic kinetic energy is using V1 + x = 1 + x/2 — x?/8:

T = {p2c? + m%c* — mc? = mc? (\/1 + p2/m2c? — 1)

2 4 2 4
(P P N_P P
2m2c?  8m#c* 2m  8m3c?
Therefore, the correction term will be H' = —p*/8m3c?2:
1 242
' - -
(nilm|H'|nlm) = T <nlm| <2m> nlm>
1 2
_ (0)
=5 <nlm|(En - V) |nlm>

0,2
1 2 2E. e 1
—_— [g®° ZFn = 2
2mc? (En + 47€ <nlm| r |nlm>
4
1
Without proof, note that (nlm|r~!|nlm) = 1/a,n? and
(nim|r~2|nlm) = 1/a2n3(l + 1/2). Recall again E” =
—e?/8megayn? = —13.6eV/n? to get:
(nlm|H' |nlm)

L (o2, 2ELe? . e
T 2me2\" 4meqaon?  16m2etain3(l+1/2)
(0)?
__ 1 E(O)Z 3 4E(O)z AnE,
2mc2\ " " 1+1/2

l+1/2 4 nz \I+1/2 4/
The last step can be done by simple substitutions; « is the fine-
structure constant.

2
2E ( n 3)_aZE,E°)( n 3)

2.6  Notation of Atomic States

An atomic state can be denoted as
25+1L],

where S is the total spin quantum number of all the electrons
and J the total angular momentum of all the electron
(spin+orbital). L represents the total orbital quantum number,
but is denoted in letters not numbers:

L=0 -» L=S§,

L=1 - L=P,

L=2 - L=D, etc
For example, ?P; , holds § = 1/2,L = 1,] = 3/2.

2.7 Anomalous Zeeman-Effect

The normal Zeeman effect neglects the spin and is therefore only
observed, if the total spin is zero. The anomalous Zeeman effect
takes the magnetic moment of the spin into account at the

perturbation term, when applying an external B-field B = Bé,:
- - e .. e .., eB
Hy = —ji,B — [iiB = ﬁLB + ESB = ﬁ(LZ + 25,).
L and S are the total orbital and spin angular momentum
respectively. Note, thati =L+S=#L+25.
The full Hamilton is now (H¢,: spin-orbit-coupling, H;: Zeeman-
effect, ignoring the relativistic correction):
H = H, + H;, + Hy.
STRONG FIELD ZEEMAN-EFFECT (PASCHEN-BACK-EFFEKT):
Take the Hamiltonian H = (H, + Hy) + H¢, and treat H¢, as a
perturbation. Since |nlm;mg) is also an eigenstate of Hy:
(Hy + Hy)|nlsmymy) = (E,(IO) + pugB(m; + ZmS)) [nlsmy;my)

(s = 1/2 always). First order perturbation of Hg,: Recall from
2.2 and 2.4 (However, it is treated differently here, since there is
an external magnetic field):

(nlm;mg|f (r)ST|nlm;my)

= (f() (@ (L) + (Sy)Ly) + <sz><Lz>> = hX(f(r)myms.
=0 =0
As seenin 2.4, (f(r)) is a number depending on n and [. The total
energy is therefore (ug = he/2m):

Enlmlms = ET(IO) + .uBB(ml + st) + hz(f(r))nlmlmS'
For example for [ = 1 there are 6 possible m;-m¢-combinations:

m mg m; + 2mg mymg
-1 -1/2 -2 1/2
-1 1/2 0 —-1/2
0 —-1/2 -1 0

0 1/2 1 0

1 —-1/2 0 -1/2
1 1/2 2 1/2

Therefore, for | = 1 there are five different energies possible.
WEAK FIELD ZEEMAN EFFECT:
Take the Hamiltonian H = (H, + Hgy) + Hz and treat H; as a
perturbation. For the Hy + H;,-problem, the states were labeled
by the quantum number |nljmj>, hence j, m; is more important
than m;, m,. Since J = L + S is more important, consider only the
f-component of Land S:

L S]] o, jj _per-§.
il 2J? 1171 2]
Here [2 = J2 — 2JS + $2 and equivalent expressions were used.
Hence, it is approximately:

]"2+Zz_§2_) j’z_Zz_I_g’zj

L+2S~L:+25: = _ J+2 -
7 J 2j2 2j2

L=

>,

3j2 12452, J2 -T2+ 5%\,
T =(1+—X—

2J?

’

(nijmi |+ 25|t ~ <1 JGHD I+ D +s6 4 1)> 0.

2jG+1)
JLa

Jia is called the Landé-factor. Finally, the energy correction is
for B = Bé, (up = he/2m):
gLaeB

€ 5 =
(nljmy|Hz |[nljm;) = %«L +25)B) ~ om Uz2) = grattsBm;.

This result is the same as for the normal Zeeman-effect, except
for gi, and m; replaces m;.




2.8 Hyperfine-Structure
The hyperfine-structure is due to the interaction between the

total angular momentum of the nucleus T and of the electrons f,

due to the nuclear magnetic moment:

- _ 9i¢ 7

Hy 2m, .
IfF =T+ f is the total angular momentum and §] the magnetic
field caused by the electrons acting on the nucleus, the energy

shift is

g gieB; - giunB; F?—1? _fz
Eyrs = —i;B; = >4 = >
2m,|J| h 2)J]
FF+1)-I10+1)-JJ+1)
= giunB,

2]+ 1)
:%(F(F +1D)—10+1) -] +1D)).

Here, ﬁj = B]f/|f| was assumed and the nuclear magneton yy =
ef/2m, was used. Here, A is called the hyperfine-structure
constant

_ giun By

VI +1)
HYDROGEN ATOM:

For the hydrogen atom, the nucleus is only the proton, hence it is
g1 = gp = 5.586. Furthermore, itis I = J = 1/2 and hence, due
to the addition rules for angular momenta, F =0,1:
A 3 A—
Eyps = —(F(F +1) -2 4) { 13//22 = Z{ 13.
Hence, the energy gap is just A and can be given as
4g,h*

———— ~588-10"%eV.
myméc2ag

AE =A=

2.9 The Helium Atom
The Hamiltonian of the Helium atom for a fixed nucleus is

2e? 2e? e?
P1 N Pz N A}
2m 4meyry 2m 4TE T,y 4dmey|ry — 1y

=H; Hy H'
where H; and H, are almost the same as for hydrogen. Because
of the interaction term, separation of variables like Y (#,7,) =
¢+ (%), (#,) doesn’t work. But it does work for H; + H, alone,
hence one can solve H; + H, exactly and treat H' as a
perturbation.
H; can be solved like hydrogen with a charge e — é = V/2e.
Hence, the ground state energy of H; is
myé* mee
E; = =—4 =—4-13.6eV
32n60 h 32melh
and the ground state energy of H; + H, is 2E; = —108.8 eV. The
perturbation term yields for the ground state, using the ground
state wavefunctions of the hydrogen atoms (with charge €):

(oo FH s i) = e LR

|7y — 7l
=5/2-13.6 V.
Hence, the total energy up to first order of perturbation is
—108.8eV+5/2-13.6eV =—-74.8¢V,
which is not too far away from the true value of 79 eV.

3. 43
d°rd°r,

2.10 Many Particle Systems

For two identical, indistinguishable particles 1 and 2 should

[¥(1,2)]? = |[¢(2,1)|? be true. In general, this yields (1,2) =

e'®(2,1), but only ¥(1,2) = +1p(2,1) occours in nature, where

+ holds for bosons and — for fermions.

BOSONS:

For two particles 1,2 in two different i, ¢, the total

wavefunction must obey (1,2) = ¥(2,1) (symmetric):
¥(1,2) = 1/V2 (Y (D95 (2) + $a (2, (D).

FERMIONS:

For two particles 1,2 in two different i, ¥, the total

wavefunction must obey ¥ (1,2) = —(2,1) (antisymmetric)

1 wa (1) wb (1)
lp(l,Z) \/E(lpa(l)lpb (2) wa(z)lpb(l)) \/— lpa(z) lpb(z)
For more than two fermions, using the Slater determinants as a
total wave function ensures antisymmetry:

YD YD Yn (1)

_ = 1@ ¥(2) Yn(2)
Y(@1,2,...,N) = il S adl

Pi(N) P, (N) Yy (V)

Helium ground state: The spatial part of the total wavefunction
is symmetric, but since electrons a concerned, it has to be
antisymmetric, which is achieved by including the spin:

P(1,2) = p(DP(2) (a()B2) — aR)B(1))/V2.
wspatial ‘~|Jspin
(symmetric) (antisymmetric)
«a is a spin-up state, S a spin-down state.

2.11 Atomic Units

By using atomic units, quantities are expressed as dimensionless
factors of natural constants:

— Mass electron mass m, 9.109 - 10731 kg
— Charge proton charge e 1.602-1071°C
— Ang.Mom. red. Planck’s constant A 1.055 - 10734 s
- Length Bohr radius a, 52921071 m
— Energy Hartree energy Ej, 4.360-10718]
The Bohr radius and Hartree energy are
_ Amegh? £ = e?  mee’
Go = mee? ’ " 4mega,  16m2e2h?’
For example the Hamiltonian of the hydrogen atom becomes:
h? e? 4meya, h? a
H=—-——V— =Ep|———p— V2 ——
2m, 4me,r ez 2m, r
4me, h? a, 1 a,
=B, (- 72 - 2) = B (-5 v - 22),
h ( e?a, 2m, (aoV) - n\75 (aoV) -
Now, if r is measured in a, and H in E}, (r, H now dimensionless)
1
H=—-V2——,
2 r

2.12 Hartree Approximation
Asin 2.11, the Hamiltonian of the helium atom is
H—( 1V2 2)+( 1V2 2)+1

2t 2% 1) n,

The ground state wave function should be of the form

Y7, 1) = ¢S (F) (a(DB(2) - a(2)B(D))/V2.

spatial part

Tip = |7 — 7.

spin part

Now, |¢(#,)|?d3r, is the probability of finding electron 2 in the
volume d3r. Therefore, “in average”, the influence of electron 2
on electron 1 is

2
V) _fd3 |¢(rz)|

and the problem can be reduced to two smgle particle problems:
, , ) 1 2 oy
HOG) ~ B, H = (-3 =)+ VenP), i =12
L
But H; depends on ¢! The method is to iteratively guess the ¢ in
H; and check, if the equation H;¢ = E;¢ gives the same ¢.




3 Atomic Transitions

3.1 Time-Dependent Pertubation Theory

For the time-dependent Schrodinger equation ih ¥ /dt = HWY,
the time development of vy is given by

Y(x,t) = Z a, ¢, (x)e Ent/h
=pPn(xt)
Consider the problem H = H, + H'(t), where H, is not time-
dependent and H (t) is the perturbation. The idea is, to insert the
time dependence of H'(t) completely into the coefficients:

PG = ) anOa(i ).

He, = E,¢.

n
Plugging this into the Schrédinger equation yields

Lh— Lhz (6an Y, + ay (;l::n) = Zan(HO + H" )y

n
= (H, + H .
Since it is known that Hyy,, = ik d,,/0t, certain terms cancel:

aan L
lhz Z a,H'Y,.

In Dirac notatlon multlply both 51des with (¢,
da,,

— ihp—lEqmt/h_ "M
lhz 5t M = ihe 5t

—e"Ent/hSmn
!
= aue NG H | B) = ) anlmlH i)
n a n
a .
S TS ) aue Gt |1 | g,).
n
This equation is a system of differential equations with which
a, (t) can be determined and so far there is no approximation.
For a two level system and for a, (0) = 1, a,(0) = 0 with a small
perturbation itis a,(t) = 1,a,(t) = 0 and the equation becomes:
08 —iAEt/h ' '
thzaﬂf (D2H' 1) + az(po|H'|P2)
~ e EY(p,|H' |¢y), AE = E; — E;.
It is not specified here, whether E; > E, or E; < E,.

3.2 Stimulated Absorption/Emission

Consider H = H,on, + H' with H' being a (classical) z-polarized
light beam of frequency w and intensity £3:

H' = ez€, coswt = ezE, (et + e~i@t)/2.
Hence, the last equation of 3.1 becomes (recall AE = E; — E,):

ih—2 ~ e 78R/ Mg, | H' |y

_ %(¢2|Z|¢1) (ei(ha)—AE)t/h + e—i(hw+AE)t/h)_
N |

=Z21
To solve for a2 one has to integrate:

a,(t) = Z“f dt’ (eithe= AE)'/h 4 g=i(hw+AE)t! /m)
eSO pi(hw=AE)t/h _ | o—i(hw+AE)t/R _ 1
=——z
2 21( hw — AE —hw — AE )

The probability for the system to be in state 2 is |a,(t)|?, which
is tedious to calculate. But obviously, |a, (t)|? is big for AE =
+hw, which is the expected result.

Stimulated absorption occurs for E, > E{,AE = E; — E, = —hw,
stimulated emission occurs for E; > E,,AE = E; — E, = hw (or
the other way around, if a; had been considered instead of a;,).

Consider absorption and assume AE = —hAw:
2

2¢02 e-i(ho+AB)t/h _
a,(t)|? = Z4|?
@O ~ =12 | [~z
2¢2 —i(hw+AE)t/2h _ L i(hw+AE)t/2h
_¢ £q |z |2 € e e~ l(hw+AE)t/2h
4 —hw — AE
2¢2 .2
e*Es sin?((w — wy1)t/2)
_ 2 —
- z . Wy =—AE/A>0
hz | 21| ((U _ (1)21)2 21 /
e2&2 sin? x t2

hz |221| xz Z! X = (w - w21)t/2

3.3 Selection Rules
Recall the probability for a transition from 3.2:
sin?((hw + AE)t/2h)

(hw + AE)? ’
If |z,,]% = 0, the transition is forbidden.
Z-POLARISATION:

Consider the hydrogen atom with wave functions ,,;,, =
If the light beam is z-polarized, z,, is, using z = r cos 6:

fdrr3R;,ern,fdQ Y7 1 Yim cos 6.

la,(t)|* = e?EF|z,11?

AE = El - Ez.

YlmRnl-

7,1 = (n'lI'm'|z|nlm) =

Since the angle ¢ in the spherical harmonics appears only as a
phase factor e'™?, it is:

2T
T
Zyy ~ f do e ™M et =218,
0

Hence, one selection rule is, that only m = m' or in other words
Am = 0 transitions are allowed.

X-POLARIZATION:

If the light beam is x-polarized, z,; is, using x = r cos ¢ sin 6:

2m
Zy, = (n'I'm’|x|nlm) ~ j do e™M'¢eim® o5 ¢
0
2w . . . .
— Ef dep e~ im'Peime (oiv 4 o=iv)
0

1 27 ) , ) ,
— Ejo de (e—l(m—m +1)¢ + e—l(m—m —1)(p).

Hence, only transitions m = m’ + 1 or Am = +1 are allowed. y-
polarization yields the same result.
SUMMARY OF THE SELECTION RULES:
All the selection rules are

Am = 0,+1; Al =
The Al-selection rule is also due to the integral |z,,|?, but will be
given here without proof.

3.4  Stimulation with Non-Monochromatic Light

If there is non-monochromatic light, meaning different values
for w, the intensity depends on w and £2(w)dw is the total
intensity of the light beam in a section dw. Hence, the transition
probability due to the frequency w becomes (starting from 3.2):

e?€%(w sin? x t?
la, (8)]? = 0@ I EE
h2 x2 4
e?|z,,|% t sin? x
| 21| fd Eo(x)

For large t, sin? x/x ~ mS'(x) (the factor 1 is because
integrating sin? x/x? yields m instead of 1) and only the value
=0 w= w21 matters

la, (O)* ~ th 50((1)21)|Zz1| t= hz U(a)21)|221| t.
€o

In the last step, the solution was rewritten in terms of the energy
densitiy U(w) = €,€2/2. The transition rate 1 is then given by:

re?
A= 3e hz U(wz1)|mq %

Here, also the x- and y- polarlzatlon was taken into account.

3.5 Fermi’s Golden Rule

Especially in many atom systems it is also possible to have many
possible transitions energies iw;, described by a densitiy of
states function g(w,;). Similar to 3.4 those possibilities can be
summed up with an integral. Start from 3.2 and recall x =

(w — wpy)t/2:

2

Sln X
0:OF = S 12 [ dony g T
neZEOtz ) nezgztz
ozl | dr g@060 =" g (@)

Note, that g(x = 0) = g(w,; = w).




3.6 Einstein Coefficients, Spontaneous Emission

EINSTEIN COEFFICIENTS:
To derive Planck’s black body radiation formula
hw? 1
U((U, T)da) = mmdw,
Einstein introduced his coefficients (probabilities)

— A for spontaneous emission

— UBg for stimulated emission (the probability is ~ U)

— UB, for stimulated absorption (the probability is ~ U)
and in equilibrium N;B,U = N,BzU + N, A should hold, where
N; and N, are the number of particles in the lower and higher
level respectively, for which is known that (Aw = E, — E;):

_Zze—hw/szﬂ PN U:;_
N, BrU + A Byehw/kT — B
To equal Planck’s result, it must be B := B, = Bg, which would
also be the result if emission is considered as was absorption in
3.2. This yields, from Planck’s formula:
A hod hw? e?w? 5
B m2c3 4= m2c3  3meyhcs I72a ™
Here, the transition probability A = UB was used from 3.4.
SPONATNEOUS EMISSION:
If N, atoms a excited, the change in time due to the spontaneous

emission coefficient is

dNn, "
= = ANz = Na() = N (0)e™ = Ny (0)e™”
with T = 1/A. If the excited state can decay to many states, it is

A =Y, A;, A; being the emission probabilities for the different
decays. Hence, the life time is given by
_ 3meohc® 1

e?w® |y |*




4 Molecular Physics

4.1 Principles of lonic Bonding
To form an ionic bond between atoms A and B, they have to be
ionized to A* and B~. For the reaction A » A" the ionization
energy Ej,n, is necessary, for the reaction B - B~, the system
gains the electron affinity E,. Usually is

Eion >0, Ear <0, |Eion| > |Eaff|' AE = Ejopn + Eqag > 0.
After the energy AE was invested to transfer the electron, energy
can be regained by coulombic attraction and the total energy

becomes, relative to single atoms 4, B
2

4megR
where R is the distance between A* and B~. There is a critical
radius R, such that E(R) < 0 for R < R, and the bonding pays

off. Including the repulsion term, there is also an equilibrium
separation 7, for which E(R) is minimized.

E(R) = AE —

+ (repulsion term for very small R),

4.2 Covalent Bonds: Born-Oppenheimer

Approximation

Consider covalent bonding between two atoms.

Since the nucleic mass (and thereby the time scale) is much
larger than the electron mass, it is reasonable to treat the motion
of the nuclei and electrons separately; that is to say assume the
nuclei to be fixed in a distance R. The motion of the nuclei can be
split into relative and center of mass coordinates (the electron
influence on the latter is neglected). Considering only the

relative motion R of the nuclei, the Hamiltonian becomes

H = —h_zvz ZAZBe Z
2m 4meyR 47‘[60 |7 -7
e? Z Z
+Z Vi — ( e )
‘ 4'TtEO |Ti _RA| |T'i _RB|
= —2—v2 + Hy,

where H,, is the electronic Hamiltonian only for which R is only
an parameter and no operator. Thereby, the separation
approach
1/)({7_)'1}, ﬁ) ~ lpnucl (ﬁ)lpel({ﬁ})
is used, which is not exactly true, since R and {#;} are coupled.
The eigenvalues of H,; will depend on R, hence E, (R), which is
expected to be a function with a minimum at some equilibrium
bonding distance R,. By a Taylor expansionat R = R, (R, is a
minimum, hence no 1st order term)
1d?Ey

el(R) ~ el(RO) += 2 dRZ
the distance oscillation of the two nuclel w1ll be approximately
harmonic. Moreover, there will also be a rotational motion with
the energy

(R —Ry)®

2R3+ 1)

21 2uR?
For more details on the motion of the nuclei see 4.5.

4.3  The Molecular lon of Hydrogen

Consider the simplest case: H3. The electronic Hamiltonian is
poo Lo 111 1,111
T2 |F—Ri| |[f-Rs] R 2 m 1 R
which actually is exactly solvable. Here, however, it will be
approximately solved by the method “linear combination of
atomic orbitals” or “LCAO”, which labels the ansatz

Yo = Zizl(CAi¢Ai + cpi®pi)

where ¢,4; and ¢g; are the atomic orbitals of the two atoms A4, B
and the index i sums up the single atomic states (hence, the
quantum numbers n, [, m). As shown in 1.2, this yields an matrix
equation (H — ES)C = 0.

ENERGIES:

For the roughest approximation, consider only the ground states
of the two atoms. Therefore, 7 € C**? and

R Hyy — ES, H,p — ES, Ca
U _ES :( 4 a4 Hap AB) -0
( ) Hpy — ESpa Hpp — ESpp (CB)
where Hyy = <¢X|H|(ibY) andlsxy = (pxldy) (Sxx = 1) Consider:
Hyy :<¢A|(_§V2_a)|¢A>+<¢A|(__+ )|¢A>

=Ep =J(R)
where E, = —13.6 eV. Out of symmetry, itis Hgg = Hy,. And itis

How = (8] (=37 = ) [6a) + (06| (— 5 + 7) [64) = Hi

=EoSBaA =K(R)
such that the matrix becomes (S := Sg4 = Syp):
s ( Eo+]J—E ES+K-—ES\ ca\ _
(}[_ES)C_(EOS+K—ES Eo+]—E )(CB)_O'
Non-trivial solution require det(#f — ES) = 0 which yields:
+K
Eo+]—E=1(E,S+K—-ES) < EJ_r=EO+]1TI_S
The integrals S, /, K turn out to be 0.15 B
S(R) = e_R(1+R+R2/3); 0,1
JR) = e_ZR(l +1/R), 0,05
K(R)=-eRA+R)+SR)/R. R

The plot shows, that E is the bonding
and E_ the anti-bonding state 01
(Exo = E1 — Ey).

COEFFICIENTS AND WAVEFUNCTIONS:
Out of symmetry, it should be ¢, = +c5. Normalization yields

Walpa) = f Pr (¢35 + 53 (cad + cod)

!
= Cicy + ChcpS + caChS + cpepy = 2|cu|? £ 2|c4)?S =1
1

B J2(1£5)

Therefore, the bonding state 1), and the anti-bonding state _ is:

1
Yy = \/ﬁ(% * ép).

4.4 Qualitative Remarks on Bonding by LCAO O
BOND ORDER:

for cy = *cp.

Anti-bonding states do not contribute to bonding, a*2p

since their energy is higher than the energy of —D— —@—n'2p

separated atoms. However, some of the 16 DD -DD- 520

electrons of the molecule 0, also occupy anti- ' 0w

bonding states. It is just that more bonding states !

are occpued. The bond order is DD o2
((e” bonding) — (e~ anti bonding))/2. DD 025

In the right diagram, anti-bonding states are

denoted by a star (*). Its bond order is 4, to which

only 2p states contribute (1s, 2s: bond order 0). ~“©®- 1= -©@-

ENERGY BANDS:

For two atoms, each atomic orbital splits into 25— — :ggs

two molecular orbitals (MO’s). For 108 atoms, PP —

O1s

they split into 108 molecular orbitals. Hence,
for huge molecules (metals), there are energy
bands and band gaps.

25--<l10°M0’s

s—-<JJ10°MO’s
10%atoms




4.5 The Vibrational-Rotational Spectrum
Recall from 4.2

h? . -
H=- %V}Z‘q’ + Hel' ¢({ﬁ}, R) ~ 1pnucl (R)lpel({ﬁ})
Using 4.3, it is

- h? -
Hl/)({ﬁ}, R) = 1pel ({ﬁ}) <_ ﬁvé + Eel(R)> lpnucl(R)v
therefore, the remaining nuclear problem with the total energy
Eis
h? o o
<_ _V% + Eel(R)> 1pnucl(R) = Elpnucl(R)-

2m

Considering the relative motion only means m — u (reduced
mass). Since E,, is spherical symmetrical, the solution is

Vnuat(R) = R(R)Y;pn (6, @). This yields

R1d(,d . wnee o\
~ 5 %5775 ﬁ()"‘zﬂT"‘el() (R)

~ Il + 1)h? _
- _ZWX(R) + R + Eq(R) | x(R) = Ex(R),

where y(r) := R - R(R). The rotational and vibrational motion is
couple, since the rotational term depends on R like ~ R™2, Since
itis always R = R,, where R, is the equilibrium separation
(minimum of E.; (R)), one can approximately decouple the two
motions by taking [(I + 1)h?/2uR? ~ I(l + 1)h? /2uR3.
Furthermore, one can expand the energy around its minimum:

2d2

1d%E,, 5
Eq(R) = Eq(Ro) + 5—57| (R —Ro)“
2 dR
Ro
=k
Hence, the Schrédinger equation can be written as

2 d: ok ,
(‘ﬂm"‘im —Ry) )X(R)
1(1 + 1DA?
- (E —%—m&a) x®),
0

which is just a harmonic oscillator and the total result is

1\ I+ 1)A?
E:Eel(R0)+hw(n+—)+%z s w = k/u.
2 2uR?

The energies depend on two quantum numbers n, [. Note that for
smalll (e.g. l < 6)itis

E(n+1),l —Ey > En,(l+1) — En.
Moreover, similar to 3.3, there are the selection rules
An = 41, Al = +1.
The allowed transitions thus have the following energies:

2
21+3)

En+1,l+1 —Ey, = hw + ZMR(%

Eny1141 — En
2

(I+DU+1+1D) -1+ 1)
=120+1+1

Those transitions yield the vibrational-rotational spectrum as

shown below (here, it is always that n changes 0 — 1 and the

numbers written on the peak is the transition of [):

2uR?

=ho(ntl-—n)+
—_

¥ oo
0 ©

N
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v b <+ s X3y
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98-8
7-8

10-9
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T ==y T T
. 2800 2900 3000 3100 32106

Frequency/(cm™1)
From the data of such kind of spectrum, the equilibrium
separation R, and the coupling constant k can be determined.

4.6 Mulliken Theory vs. Heitler-London

The LCAO approximation of molecular bonding from 4.3 was
developed by R. Mulliken. For the H, molecule (two electrons),
the form of the total spatial electronic wavefunction is
l/} = lptrial(l)lptrial(z) = (¢A(1) + ¢B(1))(¢A(2) + ¢B (2))
= da(D)pp(2) + dp(1)Pa(2) + pa(1)P4a(2) + ¢pp(1) 5 (2).
=yvB Yion

Here, only one single atomic state is considered, namely ¥, and
Yy of atom A and B respecitvely and 1 and 2 mark the two
electrons. Obviously, Y can be divided into a valence bond park
Yyg and a ionic bond part Y;,,. The approach of Heitler-London
used only 5. However, the most accurat results can be
achieved by varying the parameters c¢; and c, in

l,b = CllpVB + Czlpion-

4.7 The Hickel Molecular Orbital Theory for Benzene

ONE DELOCALEIZED ORBITAL:
Consider only the third valence electron of each carbon

ato and take a LCAO trial wave function
6

> g

n=1
Using the matrix in 1.2, the definitions/approximations
a = Hii’ b::ﬁ:: H(U) <0, SU 26!]
(where (ij) indicates that this holds only for nearest
neighbours) yields the equation:

a b b
b a b
(H — ES)¢ = b oa b ¢ =0, a=a—E
b a b
b a b
b b a

Using @ = a?, non-trivial solutions have to obey

det(H — ES) = @ — 6a%b? + 9ab* — 4b° = 0
which has only the two solutions @, = b? and @, = 4b?, because
d; has multiplicity two:

0/0d det(H — ES)|z, = 3b* — 12b* 4+ 9b* = 0.
Hence, @, has four eigenstates (two for each a, ,) and @, has two
(one for each a3 4), where

1
a1’2=i\/al=ib=iﬁia_E1'2 = E1'2=a’iﬁ;
|
a3_4=i/d2=i2b=iZBia—E3,4 o E3y=atx2p.

The ground state energy for the six electrons is E

therefore (recall, that § < 0): aa__zgj___
E=2(a+2B)+4(a+pB) =6a+88 at f~ 4 4

THREE DOUBLE BONDS: a+2p A

Before Hiickel established the delocalized orbital, it was
thought that benzene has three double bonds. Hence, the
matrix is (using, as before, a := a — E, b == f8)

In the same way as before, this yields
det M = a® — 3a%b? + 3ab* — b® = 0,
where the only solution @, = b? has multiplicity three.
Therefore, a, , has three eigenstates each, where
al‘zzi dozibziﬂza_El,Z d El,Zzaiﬂ'
Hence, the ground state energy is E

E =6(a+pB)=6a+6p. a—p———
Since 8 < 0, this energy is higher than for the
delocolaized orbitals. a+ B— ¥t




4.8 Hybridization
SP-HYPRIDIZATION:
Consider one electron in the s-state (I = 0) and a second in a p-
state (I = 1). Then, the wavefunction can be written as the
following Slater determinand:

Ys(1) ¥ (1)

AR =@ w@)|
Introducing hybridized orbitals
¥a = (Ys = 9p) /N2, ¥s = (s + 1) /N2
and writing them as a slater determinand yields
Ya(1) Pp(1)
Ya(2) Yp(r
which is, if expanded, just equal to ¥ (1,2). So the situation has
not changed, only the description.
SP2-HYPRIDIZATION:
Consider C,H,. Each carbon has four valence electrons (all at
n = 2), which are in states |200), |210), |2,1, —1),|211). Now,
describe them as
s = [200), W, = 210),

¥y, = (121, -1) = 211)/V2, ¢y, = (12,1, -1) + [211)/V?2,
hence as s, py, py, p, orbitals, where the p-orbitals have all the
same shape but along different axes. One electron of each carbon
atom is in a pure p-orbital (lets say p,) an forms a 7-bond (half
of the double bond). Now, consider the following hybrid orbitals
& of the s, p, and p, states: y

fl = alps + bllppz + Cllppx

& =ays + bz‘l’pz + Czll’px

$3=ays + b3¢pz + C31/)px
where it is assumed that all hybrid oribtals have the same
fraction of the 1), state (hence a = 1/+/3) and that &; are
orthonormal. Next, choose to place the z-direction along &; such
that c; = 0. Normalization then yields b; = m and thus

$1= \/1/—31/)5 + \/mll)pz-

Requiring &, being orthogornal to &; yields

2 1 2 1
§ié&=a +b1bz=§+ §b2=1 = b2=_ﬁ'
normalization yields ¢, = 1/v2 and thus

& =V 1/3%s = 1/6¢,, +y1/2,,..

Similarly &; turns out to be

$3 =\/1/3lps_\/1/6¢p2_\/1/2¢px'

The maximum of &, w.r.t. to 8 is obtained by (note dgp; = 0)
& 0

o= %(—,/1/6 Py, +1723;,)
a
= Ry, (1) %(_\/ 1/6Y0+1/2 (Y1,—1 - Yll))
= w/3/41TR21(7”)%(—,/1/6 cos @ + 1/+/2sin 6 cos (p) =0

Considering the x-z-plane only means ¢ = 0 and hence
tand = —3 o 6 =120°
Similarly, the angle of {5 is 8 = —120°.

4.9 The Underlying Idea of Hybridization

Consider a general molecule AB, which bonds like B — A — B.

Let the valence eletron of each of the B atoms be in a s-state and
the two valence electrons of 4 in a s and p state. LCAO yields the \
matrix from 1.2. Let the matrix elements (n|H|m) be renamed as \

/ES =0 Vi Vi \ 1) = |4, s)
~0 E,=~F V. -V 2) = |4,

H = P s 2 ~2 ,  Where 12) =1 p).

\ 4 Vs EB,s ~ 0/ [3) = |B1,5)

Vi ) ~0 Egg |4) = |By, s)

Here, E, E,, Ep  are the atomic energies of the |4, s), |4, p), |B, s)
states. V; are just defined by e.g. V; := (1|H|3). Moreover,
(3|H|4) = 0, because the two B atoms are far away from each
other and don’t influence each other. (1|H|2) ~ 0, because
[1),]2) are orthogonal and H =~ H, close to atom A. A change of
basis does not alter the eigenvalues. Hence, use the
hybridization

I+) = (11) + 12)/V2.

In this new basis {|+), |—), |3), |4)} the matrix becomes

€ 0 V+V, V=V,

Vi -(I)-Vz A i v, VlEB,sVZ " -(i)_VZ , where € := (t|H|1).

w-v, "+, 0 Eps
If it is assumed that V; = V,, the matrix becomes (V := 2V};)

e 0 V 0

0 € O V _ (e V e v

V.o EB.S 0 - {(V EB,S) ’ (V EB,S)}'

0V 0 Egs 13) 14 1) 14
which is separable into two 2 X 2-matrices.
The physical picture is that |+) interferes @@
only with |3) and |—) only with |4). B A B




5 Nuclear Physics

5.1 Weizsacker Semiempirical Formula

THE ARGUMENTS USED IN DERIVATING THE FORMULAR:
To get a formula for the binding energy Ej of a nucleus, the
roughest approximation assumes that, since the interaction is
very short ranged, each nucleon interacts with about the same
number of other nucleons and hence the binding energy is
proportional to the number of nucleons A and hence
Ez = a;A.
However, the nucleons on the surface have less neighbours to
interact with. For the number of nucleons and the nucleic radius
R is A ~ R3 and hence the surface area is ~ R ~ A%/3. Thus,
Ep = a,A — a,A%/3,
The Coulomb interaction ~ Z2/R ~ Z?/A'/? destabilizes the
nucleus (Z being the proton number) and hence
Ep = a1A — a,A?? —ay 7% JAY3,
This formula is also called “liquid drop model” (more acurately it
should be Z2 - Z(Z — 1)). A further correction, called
asymmetric energy, comes from the fact that nuclei with similar
numbers of neutrons and protons are more stable (see
derivation next subsection, note N — Z = A — 2Z):
2
Ep = a;A — a,A*? —ay, 72 JAY3 —a, %.
Another further correction comes from the fact, that even
numbers of neutrons and protons are preferred over odd
numbers:
Z? A—27)?
E3=a1A—a2AZ/3—a3A1/3—a4( n )
(-D*(1 + (-1
as 112 :
Fitting to experimental data of nucleic binding energies yields
a; =15.75MeV, a, =17.8MeV, az; =0.711 MeV,
a, = 23.7MeV, ag = 0.005 MeV.
Obviously, the last term with aj is the first to be neglected.
DERIVATION OF THE ASYMMETRIC ENERGY TERM:
Although there are not so many nucleons in the nucleons, they
can be considered as a Fermi gas at T = 0 (since room
temperature energy kTyoom = 40 'eV « MeV). From section 9.3
of Statistical Mechanics (PHYS4031), the energy of a fermi has at
T = 0 is for dimension d = 3 and exponent of the dispersion
relation E ~ k9,q = 2:

d d dN V4 N\?/3 NN/
E_d+qNEF_d+qN(q]7V> ~N(V) ~N(A) ’
where, as above, A ~ VV was used. Since protons and neutrons
are different particles, their Fermi gases have to be considered
seperatly; once for N = Z and for N = V := A — Z. Hence, the
total energy is, assuming that the proton and neutron mass are
equal, and therefore the prefactors are equal:

A\ 2/3 7\2/3 1
— 5/3 5/3
E~ <N<7) +2(3) )‘W(N PP+ 257)
Using d :== V' — Z to measure the difference in numbers, it is
d+A=N—-Z+N+Z=2N & N=(A+d)/2,
d—A=N-72-N-7=-27 © ZI=A-4d)/2
and writing E in terms of 4 and d yields
1
E~ m((A +d)53 + (A—d)¥/?)
10 d?
=A((1+d/A)P +(1—-d/A)5®) ~ 24+ WL
where in the last step, the terms 1 + d /A were Taylor expanded
among d/A =~ 0 up to the second order. Hence, E ~ (W — Z)?/A.

5.2 Isobar Isotopes
Isobar Isotopes are Isotopes with the same nuclei number A.
MOST STABLE Z:
Taking the Weizsacker binding energy from 5.1
E(A,Z) ~ a;A — a,A?? — a3 22 /A3 —a, (A — 27)? /A,
the mass of a nucleus can be given as (using atomic units ¢ = 1):
M(A,Z) =Zmy, + (A—Z)m, — E(A,Z),
where m,, and m,, is the proton and neutron mass respectively.
For constant 4, the most stable nucleus Z, can be found by
oM Amy, —my, + 4a,
— =0 & Zj=t—7F7—7"—
0Z Iy, 2 a3A?/3 4 4q,
ENERGY DIFFERENCE FOR DIFFERENT Z:
For a constant 4, the mass (or energy) difference M(4,Z) —
M(A, Z,) goes like ~ (Z — Z,)?, as shown below. Multiplying out
all the sqaures, it is
M(A,Z) —M(A, Zy)
a; 4a,
= (mp—mn+4a4)(Z—Z0)+(m+T

C2

)22 -2

C1

= c3(Z = Zo)? = ¢5(Z2% — 2247 + Z2)
Obviously, that Z, = — ¢, /2¢,. Now, comparing the coefficients
of Z on both sieds of the equation, it is

72> =04

71> ¢ =-2Zyc

Z% > —c1Zy — 73 = c3Z3
Using the Z?-equation, both the Z* and Z° equations are
equivalent to Z, = —c; /2c, which was already found to be true.
Hence, it is

M(A,Z) — M(A, Z,) = (
B*-DECAY:
[*-decay kepps the isotop on its isobar. The mass (or energy)
difference for f*-decay is, using the Weizsicker formula
(skipping many steps):
AMg: =M(A,Z+1) - M(4,Z)

as

4a, 2
gt ) @ -2

as
A1/3

_ 4-(14_ _
=+mpimni4a4+< +T)(1+ZZ).
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